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It was established by Reinhard Knörr that the half of Brauer’s
height zero conjecture which assumes an abelian defect group
would follow from the nonexistence of certain integral representa-
tions of abelian p-groups. We establish nonexistence of such rep-
resentations of rank less than 14 for the elementary abelian group
of order 8 and believe these to be the ﬁrst results of this kind. The
result is made possible by imposing a simple rationality condition.
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1. Introduction
Reinhard Knörr introduced virtually irreducible lattices in [5] as a means to (among other things)
prove Brauer’s height zero conjecture. If G is a ﬁnite group and R is a complete discrete valuation ring
of characteristic zero with residue class ﬁeld of positive characteristic p, recall that an RG-lattice M is
virtually irreducible if for every endomorphism α of M , we have ν(tr(α)) ν(rk(M)), with equality
if and only if α is invertible. Here ν is the exponential valuation of R .
If the lattice M affords an absolutely irreducible character of G , then M is virtually irreducible
because the only endomorphisms of M are scalar multiples of the identity in this case. Virtually
irreducible lattices turn out to be absolutely indecomposable, and one of the main results of [5] is
that the property virtual irreducibility is inherited by sources.
This combines well with earlier results of Knörr established in [4] and expanded in [5] which
relate the height of an absolutely irreducible character χ to the order of a vertex of an RG-lattice
affording χ and the p-part of the rank of the source of such a lattice. If χ lies in a p-block with
defect group D and is afforded by an RG-lattice with vertex V contained in D and source S , then
Knörr proves that when R has an algebraically closed residue class ﬁeld, we have
ht(χ) = νp
(|D : V |)+ νp
(
rk(S)
)
.
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The main result of [4] implies that if D is abelian, then D = V . Thus, if one could show that a
virtually irreducible lattice of an abelian p-group was necessarily of p′ rank, it would follow that
absolutely irreducible characters lying in blocks with abelian defect groups were necessarily of height
zero, as conjectured by Brauer. After discovering this impressive approach to Brauer’s question, Knörr
displays in [5] a virtually irreducible lattice of rank 6 for the elementary abelian group of order 16.
However, Knörr’s lattice has an interesting property which suggests that it is in fact not a reason
to abandon the strategy. To present the lattice, it is necessary to assume that R contains a cube root
of 2. Thus, to deﬁne this lattice it is necessary to assume R is a (non-abelian) ramiﬁed extension
of Z2. We have, however, the following well-known lemma.
Lemma 1. Let χ lie in a p-block of G with defect groups of exponent pm. Let Kun be the maximal unramiﬁed
extension of Qp , and let K = Kun(ζpm ). Let R be the valuation ring of K . Then χ is afforded by an RG-lattice.
Proof. The ﬁeld Qp(χ) is contained in K because χ vanishes on all elements of G of order divisible
by pm+1, and K contains all p′ roots of unity. Now let  denote the division algebra component of the
group algebra QpG associated to χ . Then the center of  is isomorphic to the ﬁeld Qp(χ), and the
maximal subﬁelds of  are splitting ﬁelds for χ . There is a well-known structure theory of division
algebras which are ﬁnite dimensional over local ﬁelds, and from this it follows that one conjugacy
class of maximal subﬁelds of  is unramiﬁed over Qp(χ). This maximal subﬁeld is thus contained
in K , completing the proof. 
In particular, if χ lies in a 2-block with defect group D of exponent 2, then χ is afforded by an
RG-lattice in which R is an unramiﬁed extension of Z2. The source of such a lattice will be, by Knörr’s
results, a virtually irreducible RD-lattice, unlike that presented in the paper [5]. We note here that it
is conjectured in [3] that the division algebra mentioned in the above proof should be commutative
when both p = 2 and the defect groups are abelian. This is proved when G is solvable in [3].
We are led to try and prove that a virtually irreducible RD-lattice for an abelian p-group D of
exponent pm and R contained in the valuation ring of K as deﬁned in the above lemma is necessarily
of rank not divisible by p. We believe that defect groups of exponent 2 and R unramiﬁed over Z2
form a good starting point, and it is this case which concerns our main result. The author is grateful
to his friend Akaki Tikaradze who provided Lemma 4, inspiring much of the proof.
Theorem 1.1. Let D be an elementary abelian group of order 8, and let R be a complete discrete valuation ring
of characteristic zero with residue class ﬁeld of characteristic two. If M is a virtually irreducible RD-lattice of
even rank, then rk(M) ≡ 2 (mod 4). If R is unramiﬁed over Z2 then rk(M) 14.
We have a corollary concerning heights of absolutely irreducible characters.
Corollary 1.2. Let χ be an absolutely irreducible character of a ﬁnite group lying in a 2-block with defect
groups which are elementary abelian of order 8. Then the height of χ is at most one. If χ(1) 13, then χ is of
height zero.
Proof. This follows from the results of Knörr summarised above as well as the fact that the rank of
the source of an indecomposable lattice is bounded by the rank of the lattice. 
It was proved by Brauer and Feit that the irreducible characters in such 2-blocks have height at
most one. Their argument is given in [2, Chapter IV, Theorem 4.18] and does not involve integral
representations.
The following handles the case of a rank 2 virtually irreducible lattice. This case also follows from
Proposition 2.2 below because a rank 2 lattice for an elementary abelian group of order 8 cannot be
faithful. We retain the notation R throughout the paper and assume nothing about ramiﬁcation other
than where explicitly stated.
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Then rk(M) is not a power of 2.
Proof. Let z ∈ Z(D) be an involution. Multiplication by z gives an invertible endomorphism of M .
Denote the trace of this endomorphism by χM(z). Assume that rk(M) is a power of 2. Because M
is virtually irreducible, we must have ν(χM(z)) = ν(rk(M)). However, because the eigenvalues of the
action of z on M are all ±1, we know that χM(z) is an integer and |χM(z)| rk(M). It follows that
|χM(z)| = rk(M). In this case, z acts on M as ±1M . However, since Z(D) is not cyclic and M is faithful,
we can choose z to not act this way. 
2. Vanishing characters
The proof of the ﬁrst statement of Theorem 1.1 (and hence the ﬁrst statement of Corollary 1.2)
begins with the lemma which originally convinced the author that results on virtually irreducible
lattices for abelian p-groups could be attained.
Lemma 3. Let D be an abelian group. Let M be a virtually irreducible RD-lattice, and let χM denote the
character afforded by M. If g ∈ D, then χM(g) = 0.
Proof. Because D is abelian, multiplication by g gives an invertible endomorphism of M . The trace of
this endomorphism is χM(g). This character value cannot vanish because ν(0) = ∞ = ν(rk(M)). 
The ﬁrst statement of Theorem 1.1 is deduced by combining a fact proved by Knörr with the
classiﬁcation of indecomposable lattices for groups of order 2. Both of these facts will also be used in
studying virtually irreducible lattices of rank 6 and 10.
We begin with the group of order 2. Let π denote a uniformizer for the ring R so that (π) is the
maximal ideal of R , and say that (π e) = (2) for a natural number e. Let z be an involution. It is well
known that the indecomposable R〈z〉-lattices are all of rank 1 or 2. Because R is a principal ideal
domain, those of rank 1 are determined by the two irreducible characters of 〈z〉. Those of rank 2 are
given by the maps z 	→ ( 1 πn
0 −1
)
, for 0 n < e. The only conclusion we need from this classiﬁcation is
that the trace of the action of z on an indecomposable R〈z〉-lattice of even rank is equal to zero.
The fact proved by Knörr that we need is the following.
Proposition 2.1. Let M be a virtually irreducible RG-lattice, and let H be a subgroup of G. Let U be an RH-
summand of MH , and let A = EndRH(U ). Then:
(i) For every α ∈ A we have ν(|G : H|) + ν(tr(α)) ν(rk(M)).
(ii) Equality holds above for some α ∈ A if and only if M is a direct summand of UG .
Proof. This is part of [5, Proposition 2.1]. 
The next proposition implies the ﬁrst statement of Theorem 1.1. It also implies that a virtually
irreducible lattice for the Klein four group is necessarily of odd rank. It thus provides another proof
of the well-known fact that irreducible characters in 2-blocks with Klein four defect groups are of
height zero.
Proposition 2.2. Let D be a group of exponent 2 and order 2d where d  2. Let M be a virtually irreducible
RD-lattice. Then ν2(rk(M)) d − 2.
Proof. Let χM denote the character afforded by M . Let z be a non-identity element of D . The restric-
tion M〈z〉 must have a rank 1 direct summand. Otherwise, the fact highlighted about indecomposable
R〈z〉-lattices would imply that χM(z) = 0. Let U be such a direct summand. Then U D is indecom-
posable by Green’s indecomposability theorem, and certainly M  U D . (For example, the character
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for every endomorphism α of U . Taking the identity endomorphism gives the result. 
3. Semisimple lattices, Klein four subgroups, and the rank 6 case
The second statement of Theorem 1.1 requires the notion of a semisimple lattice. We say that an
RG-lattice M is semisimple if M is generated by rank 1 RG-sublattices. Equivalently, M is semisimple if
and only if M is isomorphic to a direct sum of rank 1 lattices. If M is an arbitrary RG-lattice, then the
sum of two semisimple RG-sublattices is itself semisimple, so we can identify the maximal semisimple
sublattice Mss of M . This maximal semisimple sublattice will play a prominent role throughout. The
idea is to use Mss to construct sublattices of M which have non-invertible endomorphisms which
extend to M and have “bad” traces. Notice that if M ∼= V ⊕W , then Mss ∼= Vss⊕Wss , but if M = V +W
we have only Vss + Wss ⊆ Mss .
From now on, we take D to be an abelian 2-group, and we assume the maximal ideal of R con-
tains 2.
Lemma4. Let M be a virtually irreducible RD-lattice. Assume that M ′ is an RD-lattice such that 2M ⊆ M ′ ⊆ M.
Assume further that M ′ has a rank 1 direct summand. Then M has odd rank.
Proof. We have an endomorphism of M ′ given by twice the projection onto the given rank 1 sum-
mand of M ′ . Let ϕ˜ denote this endomorphism. Observe that rk(M ′) = rk(M), and that tr(ϕ˜) = 2.
Because 2M ⊆ M ′ , we can extend ϕ˜ to all of M by deﬁning ϕ(m) = 12 ϕ˜(2m) for all m ∈ M . Then ϕ
is not invertible, and tr(ϕ) = 2. Since M is virtually irreducible, it follows that ν(2) > ν(rk(M)) as
required. 
It is clear now that if M is a virtually irreducible RD-lattice of even rank, we do not have 2M ⊆ Mss
because Mss has many rank 1 summands.
The next step is to introduce the maximal subgroups of D . Letting H denote a maximal subgroup
of D , we have the restriction MH as well as the maximal semisimple RH-sublattice (MH )ss of MH .
Because D is abelian, we know that (MH )ss is an RD-lattice.
The second statement of Theorem 1.1 will be proved by applying Lemma 4 with M ′ = 2M+(MH )ss .
To show that 2M + (MH )ss has a rank 1 RD-summand we will need to do several things. First, we
will use an observation of M.C.R. Butler about indecomposable RH-lattices to understand the quotient
2M + (MH )ss/(MH )ss . This is the part of our argument which requires R to be unramiﬁed over Z2.
Second, we will use Lemma 3 to understand the rank 1 RD-summands of (MH )ss , and third we will
show that for carefully chosen H , the rank 1 RD-summands of (MH )ss give rise to rank 1 summands
of 2M + (MH )ss .
These three steps are quite general, and it is likely that a proof of the nonexistence of even rank
virtually irreducible RD-lattices for D of exponent 2 and R unramiﬁed over Z2 will have a similar
outline. The assumption that a counterexample M to Theorem 1.1 has rank 6 or 10 is only used at
the end of the argument.
We now give the result of Butler that we need. The proof is included to illustrate how the assump-
tion that R is unramiﬁed is used.
Proposition 3.1. (See Butler [1].) Let H be a Klein four group. Assume that R is unramiﬁed over Z2 . Let M be
an RH-lattice with no projective direct summands. Then 2M ⊆ Mss.
Proof. Let K be the quotient ﬁeld of R , and let e1, . . . , e4 be the primitive idempotents of K H . Let
e∗M = ∑4i=1 eiM . We will show that 2e∗M ⊆ M ⊆ e∗M from which the result will follow because
2e∗M is semisimple. It is clear that M ⊆ e∗M because ∑4i=1 ei = 1K H .
For each i, we show that 2eiM ⊆ M . This suﬃces because ∑4i=1 2eiM = 2e∗M .
Choose x0 ∈ M such that 2eix0 /∈ M . Let f = ∑g∈H g , so that f − 4ei ∈ 2RH, and y0 = f x0 ∈
M − 2M . Since R is unramiﬁed over Z2, the maximal ideal of R is (2). It follows that R · y0 has an
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τ (x) =∑g∈H π(g−1x) · g for x ∈ M . Then f τ (x0) = τ (y0) = f , so τ (x0) is a unit in RH. It follows that
τ is surjective, which contradicts the assumption that M has no projective direct summands. 
Corollary 3.2. Let D be elementary abelian of order 8, and assume that R is unramiﬁed over Z2 . Let H be a
maximal subgroup of D. If M is a virtually irreducible RD-lattice of even rank, then MH has a projective direct
summand.
Proof. If MH has no projective direct summand, then Proposition 3.1 implies that 2M ⊆ (MH )ss . By
Lemma 4, the proof will be complete when we show that (MH )ss = 2M+ (MH )ss has an RD-summand
of rank 1.
The semisimple RH-lattice (MH )ss splits as a direct sum of four pieces, one for each of the irre-
ducible characters of H . Observe that there are no nonzero RH-homomorphisms between any two of
these summands. Letting z be an element of D that lies outside H , we conclude that the action of z
preserves each of the four summands. Because H acts as a group of scalars on each summand and z
is an involution, we conclude that (MH )ss decomposes as a direct sum of indecomposable RD-lattices
each of rank 1 or 2.
Let χM denote the character afforded by M . Assume that all indecomposable RD-summands of
(MH )ss are of rank 2. Then the trace of the action of z on each such summand is equal to zero,
and we conclude that χM(z) = 0 contradicting Lemma 3. Thus, 2M + (MH )ss = (MH )ss has a rank 1
RD-summand as required. 
Corollary 3.3. Let D be elementary abelian of order 8, and assume that R is unramiﬁed over Z2 . Then there
does not exist a virtually irreducible RD-lattice of rank 6.
Proof. If M is such a lattice and H is a maximal subgroup of D , then an argument similar to that
used in Proposition 2.2 shows that MH has no direct summands of odd rank. It then follows from
Corollary 3.2 that MH decomposes as the direct sum of a copy of the regular RH-lattice and an
indecomposable RH-lattice of rank 2. From this, it easily follows that the character afforded by M
vanishes on some element of H , contradicting Lemma 3. 
We end this section with an elementary fact about the regular lattice for a Klein four group and
one consequence that will be necessary for the rank 10 case of Theorem 1.1.
Lemma 5. Let P be a copy of the regular RH-lattice where H is a Klein four group. Then 2P + Pss/Pss ∼= R/(2).
Proof. This is left to the reader. 
Corollary 3.4. Let D be elementary abelian of order 8, and assume that R is unramiﬁed over Z2 . If M is an
RD-lattice, and H is a maximal subgroup of D, then 2M + (MH )ss/(MH )ss is a vector space over R/(2) of
dimension equal to the multiplicity of the regular RH-lattice in MH .
4. Even subgroups, odd subgroups, and the rank 10 case
In the argument for the rank 6 case of Theorem 1.1, essential use was made of a maximal subgroup
of D . However, it made no difference which maximal subgroup was used. This will cease to be true
in the rank 10 case. We will divide the maximal subgroups of D into two disjoint sets, called the
even subgroups and the odd subgroups. Then we will show that there exists an even subgroup and
conclude the proof of Theorem 1.1 using this subgroup.
Our starting point is the ﬁrst thing proved by Knörr in [5] about virtually irreducible lattices. It
implies that virtually irreducible lattices are absolutely indecomposable. Let J (A) denote the Jacobson
radical of the ring A, and let π denote a uniformizer for R .
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zero endomorphisms. Then M is virtually irreducible if and only if
(i) A = R · 1M ⊕ A0 , and
(ii) J (A) = (π) · 1M ⊕ A0 .
Proof. This is part of [5, Lemma 1.4]. 
Recall that for an RG-lattice M of rank n, the top wedge product
∧n M is deﬁned. It is an RG-lattice
of rank 1. Because R is a principal ideal domain, the isomorphism class of
∧n M is determined by the
character afforded by M . Denote
∧n M by Det(M), and observe that when G is abelian the character
afforded by Det(M) is the product (with multiplicities) of the irreducible characters appearing in the
character afforded by M .
Lemma 7. Let M be an even rank virtually irreducible RD-lattice, where D has exponent 2. Then Det(M) is the
trivial lattice.
Proof. Because D is abelian, we have a map
RD −→ Z(EndRD(M)
)
.
This map takes the radical J (RD) to the radical of EndRD(M).
Let g ∈ D . Then 1− g ∈ J (RD), so we can view 1− g in J (EndRD(M)). By Lemma 6 we can write
1− g = π · r · 1M + α,
for some element r ∈ R , and some endomorphism α with trace zero. Letting M afford the character
χM and taking traces we get
r = χM(1) − χM(g)
πχM(1)
.
Now the numerator above is equal to twice the multiplicity of −1 as an eigenvalue of g on M . Thus, if
2 divides χM(1), and the whole fraction is to lie in R , we must have that this multiplicity is divisible
by 2. The lemma follows. 
Corollary 4.1. Let D have exponent 2 and order 8, and let M be an even rank virtually irreducible RD-lattice af-
fording character χM. Let H be a maximal subgroup of D. Then either every irreducible character of H appears
in χMH with even multiplicity, or every irreducible character of H appears in χMH with odd multiplicity.
Proof. Because M has even rank, the number of irreducible characters of H appearing in χMH with
odd multiplicity must be even. It suﬃces to show that this number cannot be two. By Lemma 7,
Det(MH ) = Det(M)H is the trivial RH-lattice. If exactly two irreducible characters of H appear in
χMH with odd multiplicity, then the character afforded by Det(MH ) is the product of two distinct
irreducible characters of H . Such a character cannot be trivial. 
When D is elementary abelian of order 8, M is an even rank virtually irreducible RD-lattice, and
H is a maximal subgroup of D , we say that H is even (for M) if every irreducible character of H
appears in χMH with even multiplicity. If every irreducible character of H appears in χMH with odd
multiplicity, we say that H is an odd subgroup of D .
Lemma 8. Let D be elementary abelian of order 8, and let M be an even rank virtually irreducible RD-lattice.
Then there exists an even subgroup of D.
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maximal subgroups of D given by sending a character to its kernel. Letting χM denote the character
afforded by M , we identify the even subgroups of D as the maximal subgroups of D corresponding
to irreducible characters appearing in χM with multiplicity congruent to that of the trivial character
modulo 2. The odd subgroups of D are those appearing in χM with multiplicity not congruent to that
of the trivial character modulo 2.
Assume that every maximal subgroup of D is odd. If the trivial character of D appears in χM
with even multiplicity, then all seven nontrivial irreducibles of D appear in χM with odd multiplicity.
This contradicts the fact that M has even rank. A similar contradiction is encountered if the trivial
character of D appears in χM with odd multiplicity. 
It is not hard to show that the number of even subgroups is in fact equal to either 3 or 7.
Lemma 9. Let D be elementary abelian of order 8, and assume that R is unramiﬁed over Z2 . Let M be a
virtually irreducible RD-lattice of even rank, and let H be an even subgroup of D. Then the multiplicity of the
regular RH-lattice in MH is not equal to one.
Proof. Assume that the multiplicity is equal to one. Then by Corollary 3.4 we know that 2M +
(MH )ss/(MH )ss is a one-dimensional vector space over R/(2). Choose m ∈ 2M + (MH )ss but
m /∈ (MH )ss . Note that 2m ∈ (MH )ss .
As was the case in Corollary 3.2, (MH )ss admits a decomposition as indecomposable RD-lattices
each of rank 1 or 2. Also as in the proof of that corollary, rank 1 summands of (MH )ss necessarily
exist. Because the rank of M is even, there must exist at least two rank 1 summands of (MH )ss . Let
(MH )ss = W ⊕ L1 ⊕ L2 be a decomposition of RD-lattices such that L1 and L2 are of rank 1. Let π
denote the projection onto L1.
Assume for the moment that π(2m) = 0. We argue that in this case 2M + (MH )ss has a rank 1
summand, contradicting Lemma 4. We have
2M + (MH )ss = R ·m + (MH )ss,
and show that
2M + (MH )ss = (R ·m + L2 + W ) ⊕ L1
is a decomposition of RD-lattices. It is clear that we have a decomposition of R-lattices as above. It
remains only to show that R ·m + L2 + W is in fact an RD-lattice. For this, it suﬃces to show that
g ·m ∈ R ·m + L2 + W for every element g of D . Of course, g ·m ∈ 2M + (MH )ss , so we can write
g ·m = r ·m + w + l1 + l2
for elements r ∈ R , w ∈ W , l1 ∈ L1, and l2 ∈ L2. Multiplying through by 2 and applying the RD-linear
map π , we obtain
g · π(2m) = 0 = r · π(2m) + π(2w) + π(2l1) +π(2l2) = 2l1
from which it follows that l1 = 0, as required.
Thus 2m has nonzero projection onto L1. Similarly, 2m has nonzero projection onto L2. Now if
L1 and L2 happen to be isomorphic RD-lattices, then we can replace L2 by a pure R-submodule of
L1 ⊕ L2 which contains 2m to obtain a situation in which 2m has zero projection onto L1. We will
complete the proof by using the assumption that H is an even subgroup to show that we can in fact
assume L1 ∼= L2.
Recall the decomposition of (MH )ss given by the four irreducible characters of H . Write (MH )ss =
V1 ⊕ V2 ⊕ V3 ⊕ V4, and note that because H is an even subgroup, each Vi has even rank. Recall also
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each i. For each i, group the rank 1 summands of Vi into pairs. Choose z ∈ D − H . We need a pair
of rank 1 RD-summands of some Vi such that z acts the same way on each summand in the pair. If
no such pair exists, then each pair consists of one rank 1 RD-lattice on which z acts as +1 and one
rank 1 RD-lattice on which z acts as −1. Because the trace of the action of z on the rank 2 summands
of (MH )ss is equal to zero, we can conclude that the trace of the action of z on (MH )ss and hence on
M vanishes. This contradicts Lemma 3 and completes the proof. 
Corollary 4.2. Let D be elementary abelian of order 8, and assume that R is unramiﬁed over Z2 . Then there
does not exist a virtually irreducible RD-lattice of rank 10.
Proof. Let M be such a lattice. Let H be an even subgroup of D . By Corollary 3.2, MH has a projective
summand. By Lemma 9 the multiplicity of the regular RH-lattice in MH is at least 2. It must then be
exactly 2. As in the proof of Corollary 3.3, we know that MH has no summands of odd rank. It
follows that MH decomposes as a direct sum of two copies of the regular RH-lattice and an RH-lattice
of rank 2. It is easily seen that this forces the character afforded by M to vanish on some element
of H , contradicting Lemma 3. 
If M is a virtually irreducible RD-lattice for R and D as above whose rank is even and at least 14,
we know that at least two copies of the regular RH-lattice appear in MH for every even subgroup
H of D . However, this does not force the character afforded by M to vanish anywhere, and we do
not know how to produce a rank 1 summand of 2M + (MH )ss in this case. Nonetheless, we believe
the techniques used in the proof of Theorem 1.1 should remain relevant in further investigations of
Brauer’s height zero conjecture.
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